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A Tangent Bundle on Diffeological Spaces
Carlos A. Torre
Escuela de Matema´tica, Universidad de Costa Rica,
2060 San Jose´, Costa Rica
ABSTRACT. We define a subcategory of the category of diffeological spaces, which contains
smooth manifolds, the diffeomorphism subgroups and its coadjoint orbits. In these spaces we
construct a tangent bundle, vector fields and a de Rham cohomology.
1. Introduction
The category of diffeological spaces [2, 6] extends that of manifolds and allows many topo-
logical and geometrical constructions, including products, quotients, forms, homotopies,
fibrations [4]. It has the property that Hom(X, Y ) is an object in a canonical way whenever
X and Y are, thereby allowing the study of infinite dimensional objects.
It is known that symplectic manifolds play a central role in the modelling of physical
systems [1, 7], and in particular coadjoint orbits have a natural symplectic structure [5].
By using a covariant definition of forms, this result is extended by Souriau also to the
category of diffeological spaces and even allows the construction of a prequantization [3, 6]
whenever a certain cohomological obstruction is zero.
In this paper we introduce the concept of a smooth diffeological space (SDS). This
is a subcategory that includes manifolds, but is general enough to include groups of dif-
feomorphisms and infinite-dimensional coadjoint orbits. This category allows a dynamical
modelling: we prove that these objects possess canonical tangent bundles and that each of
them are also SDS. This allows the construction of flows and Lie algebras of vector fields,
and of de Rham cohomologies.
2. Smooth diffeologies
Given a set X , an n-plaque of X is a function p:U → X where U is an open subset of Rn
containing the origin 0. A diffeology on X [6] is a set P (X) of n-plaques for every n such
that:
(i) The images of the plaques cover X .
(ii) If a set (pi) of n-plaques admits a common extension, then the smallest such
extension is also an n-plaque in P (X).
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(iii) For every ψ ∈ C∞(U ′, U) where U , U ′ are open subsets of Rm, Rn respectively,
and every plaque p:U → X , p ◦ ψ is also in P (X).
The set of n-plaques is denoted Pn(X), and the set of n-plaques p such that p(0) =
F ∈ X is denoted PnF (X). It may be seen that every set S of plaques on X generates a
smallest diffeology PS which is formed by plaques p:U → X such that for all r ∈ U there
exists Ur ⊂ U open with p|Ur = f ◦ φ where φ:Ur → V ⊂ R
n is smooth and f ∈ S.
A map f :X → Y between two spaces with diffeologies P (X) and P (Y ) is called
differentiable if p ∈ P (X) implies f ◦ p ∈ P (Y ). The set of such maps is denoted by
D∞(X, Y ).
We shall now introduce a particular class of diffeologies that we call smooth, in order
to set the stage for infinite-dimensional tangent spaces in the diffeological category.
Definition 2.1. Let k ∈ N, a triple (X,P (X),∼) is called a Ck-diffeology (or smooth
diffeology when k =∞) if:
(a) The pair (X,P (X)) is a diffeology.
(b) ∼ is a collection {∼nF : 1 ≤ n ≤ k, F ∈ X }, where ∼
n
F is an equivalence relation
on the set PnF (X), that satisfy a consistency condition: p1 ◦φ ∼
m
F p2 ◦φ whenever
p1 ∼
n
F p2 and φ ∈ C
∞(U ′, U), with U ′ ⊂ Rm and p1, p2:U → X ; and moreover,
p1 ∼F p1|V whenever p1:U → X and V ⊂ U is an open neighborhood of 0.
(c) the smooth diffeology is called linear if the set V := {V nF : F ∈ X, n = 1, . . . , k }
where V nF = P
n
F (X)/∼
n
F , carries a vector space structure that satisfies the follow-
ing consistency condition: whenever p12 ∈ [p1] + [p2] with pi:U ⊂ R
n → X and
φ:U ′ ⊂ Rm → U then p12 ◦ φ ∈ [p1 ◦ φ] + [p2 ◦ φ].
The class of the plaque p(t) at a point F ∈ X will be denoted by [p] or by [p]t.
Whenever there are several spaces, we may use the notation [p]X instead.
The linear structure is called continuous if given two (n + m)-plaques pi(r, s) with
i = 1, 2 such that p1(r, 0) = p2(r, 0) then there exists a plaque p12(r, s) such that
[p12(r, s)]s = [p1(r, s)]s + [p2(r, s)]s for all r.
Definition 2.2. The set T nF X := P
n
F (X)/∼
n
F is called the n-th tangent space at F , and
the disjoint union T nX :=
⊔
F∈X T
n
F X is called the n-th tangent bundle over X .
Notice that T nF X need not carry a linear structure. For example, the union of two
smooth curves that intersect transversally at F is a smooth diffeological space, for which
T nF X is the union of two lines.
Definition 2.3. Let (X,P (X),∼), (Y, P (Y ),≈) be smooth diffeologies; a differentiable
function f :X → Y is called smooth at F if for all n ∈ N, f ◦ p1 ≈
n
f(F ) f ◦ p2 whenever
p1 ∼
n
F p2.
If the smooth diffeologies are linear, f is called a smooth map if, in addition,
DnF f : T
n
F X → T
n
f(F )Y : [p] 7→ [f ◦ p]
is linear for each F ∈ X . The set of smooth functions is denoted C∞(X, Y ). Notice that
C∞(X, Y ) ⊂ D∞(X, Y ). In particular, if Y = R with the smooth manifold diffeology that
is described below, then the notation C∞(X) will be used instead.
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Notice that the set of smooth diffeological spaces as objects with the smooth maps
as morphisms is a category, since if f :A → B and g:B → C are smooth then g ◦ f is
differentiable and preserves the equivalence relations. Moreover, the chain rule
DnF (g ◦ f)[p] = D
n
f(F )g(D
n
F f [p])
holds, and linearity is preserved by this composition; therefore g ◦ f is a smooth map if f
and g are smooth maps.
Let (X,P,∼) be a linear SDS (smooth diffeological space) and let Y ⊂ X . The subspace
diffeology is formed by the plaques p such that p(r) ∈ Y for all r. Restrict ∼ to P (Y ). Y
is called a sub-SDS if Pn(Y )/∼nF is a subspace of P
n(X)/∼nF for each F ∈ Y .
Let (X,P (X),∼) and (Y, P (Y ),≡) be two (linear) SDS. Denote by P (X × Y ) the
product diffeology on X × Y formed by plaques of the form p(r) = (p1(r), p2(r)) where
p1 ∈ P (X) and p2 ∈ P (Y ). Define
(p1, p2) ≈
n
F (p
′
1, p
′
2) if and only if p1 ∼
n
F1
p′1 and p2 ≡
n
F2
p′2.
Then V n(F1,F2) = V
n
F1
× V nF2 . The triple (X × Y, P (X × Y ),≈) is an SDS.
Some examples of SDS are the following:
(1) Let M be a smooth manifold modelled on a locally convex vector space V . Let P (M)
be the manifold diffeology (formed by the smooth plaques). For each F ∈M , choose
a chart (UF , αF ) around F , and define p1 ∼
n
F p2 if
Dm(αF ◦ p1)(0) = D
m(αF ◦ p2)(0) for all m ≤ n.
The map
TFM → V : [p] 7→
d
dt
(αF ◦ p)(t)
∣∣∣∣
t=0
is a bijection and defines V 1F . Other spaces are defined similarly. In this case C
∞(M) ⊂
C∞(M) = D∞(M), where C∞(M) denotes the set of smooth functions with respect
to the manifold structure. In particular, when M = Rn, we recover the standard
differentiable structure on a finite-dimensional vector space.
(2) Let M be a smooth finite dimensional manifold and let X = Diffc(M) (the infinite-
dimensional group of diffeomorphisms of M with compact support). Define P (X) as
the set of functions p:U → X , U ⊂ Rn open, such that
φp : U ×M →M : (r,m) 7→ p(r)(m)
is smooth. Given g ∈ X and p1, p2 ∈ P
n(X) with p1(0) = p2(0) = g, we define
p1 ∼
n
g p2 if
Dip1(t)(m)
∣∣
t=0
= Dip2(t)(m)
∣∣
t=0
for all m ∈M, i ≤ n.
Then T 1g X = Γc(M), the space of vector fields with compact support on M .
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(3) There is a natural smooth diffeology on coadjoint orbits. Let G be a subgroup of diffeo-
morphisms (of the group X defined above) with Lie algebra G such that d
dt
p(t)|t=0 ∈ G
for each diffeotopy p in G. This is a condition that holds for example if G is the group
Diffc(M) or the group of symplectic diffeomorphisms, or if G is finite dimensional (it
is an open question whether this holds for any closed subgroup). On any coadjoint
orbit ΩF0 define the diffeology P (ΩF0) generated by the set of plaques of the form
b(r) = K(p(r))F where F ∈ ΩF0 and p ∈ P (G) (defined above from the subspace
diffeology) and K is coadjoint action. In P (ΩF0) define b1 ∼
n
F b2 if
Dmb1(t)(Y )
∣∣
t=0
= Dmb2(t)(Y )
∣∣
t=0
for each Y in G, and for each m ≤ n. Let b ∈ P (ΩF0), and let
b(t) =: K(p(t))F
where p ∈ P (G). Define ξ = (d/dt)p(t)|t=0. Then the map [b] 7→ dK(ξ)F is a
bijection between TFΩF0 and G/G(F ), and allows us to regard TFΩF0 as a vector
space by transport of structure. In this way ΩF0 becomes a C
1 linear diffeological
space.
We shall prove that T mX has a natural smooth diffeology. Consider the set of maps
of the form
p˜(r1, . . . , rn) := [p(r1, . . . , rn, s1, . . . , sm)]s
where p is a (n+m)-plaque. Let P (T mX) be the set of plaques generated by these plaques
(via condition (ii) of the definition of diffeology).
Any [α] ∈ T mX is a class of m-plaques at some point F . Let α:U → X , U ⊂ Rm,
α(0) = F be such a plaque, and let p˜1, p˜2 be two n-plaques on T
mX such that p˜1(0) =
p˜2(0) = α; define
p˜1 ≈
n
[α] p˜2 ⇐⇒ p1 ∼
n+m
F p2.
Proposition 2.1. (T mX,P,≈) is a smooth diffeology.
Proof. These plaques cover T mX since, in particular, if [p(s1, . . . , sm)] ∈ T
mX , then
q˜(0) = [p], where q(t, s1, . . . , sm) := p(s1, . . . , sm).
Now let ψ:U ′ → U where U ′ ⊂ Rk, U ⊂ Rn are open. Then
p˜(ψ(r1, . . . , rk)) = [p(ψ(r1, . . . , rk), s1, . . . , sm)]s
= [(p ◦ (ψ ⊗ 1m))˜ (r1, . . . , rk, s1, . . . , sm)]s,
where the map
(ψ ⊗ 1m)(r1, . . . , rk, s1, . . . , sm) := (ψ(r1, . . . , rk), s1, . . . , sm)
is smooth, p ◦ (ψ⊗ 1m) is a (k+m)-plaque and p˜ ◦ψ is a k-plaque. Therefore P (T
mX) is
a diffeology.
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Let ψ:U ′ → U and assume p˜1 ≈
n
[α] p˜2, then p1 ∼
n+m
F p2, therefore
p1 ◦ (ψ ⊗ 1m) ∼
n+m
F p2 ◦ (ψ ⊗ 1m),
thus
p1 ◦ (ψ ⊗ 1m)˜ ≈
n
[α] p2 ◦ (ψ ⊗ 1m)˜ .
It follows that p˜1 ◦ ψ ≈
n
[α] p˜2 ◦ ψ.
The space TFX is given the subspace diffeology of T X . For example, for n = 1 it
consists of plaques p˜ of the form p˜:U → TFX such that p˜(r) = [p(r, t)]
X
t where p(r, 0) = F
for each r; then p(r, t) is a t-curve through F for each r.
If X has a linear structure, then we can define a linear structure on T nX in the
following way: take a point (F, [α]) at T nX and two k-vectors at this point (these are
classes of k-plaques [p˜i]:U ⊂ R
k → T nX such that s 7→ pi(0, s) ∈ [α]. Then define
[p˜1] + c[p˜2] = [p˜12],
where p12 ∈ [p1] + c[p2] − c[α¯], where α¯(r, s) = α for all r (notice that [p˜12] is a k-plaque
through (F, [α]) and that if [p˜1] = 0 then p˜1 = α˜). One can check that T
n
F X becomes also
a linear SDS.
Proposition 2.2. Let f :X → Y be smooth; then Dmf : T mX → T mY is smooth for
each m. Also, DmF0 : T
m
F0
X → T m
f(F0)
Y is smooth for each m and each F0 ∈ X .
Proof. First, we shall prove that Dmf is differentiable. Let p˜ be an n-plaque on T mX ,
then p˜(r) = [p(r, s)]Xs , therefore f ◦ p˜ is an (n+m)-plaque on Y and [f ◦ p(r, s)]
Y
s ∈ T
mY
for all r, and it is equal to (f ◦ p)˜ (r), which is an n-plaque on T mY . Therefore
(Dmf) ◦ p˜(r) = [f ◦ p(r, s)]Ys = (f ◦ p)˜ (r).
This proves thatDmf is differentiable. It is also smooth: if p˜1 ≈ p˜2 at (F, [α]) then p1 ∼ p2,
therefore p1 ∼ f ◦p2 and (f ◦p1)˜ ≈ (f ◦p2)˜ at (f(F ), [f ◦α]). Thus D
mf ◦ p˜1 ≈ D
mf ◦ p˜2
at (f(F ), [f ◦ α]).
If X has a linear structure, then one can check that the differential of these maps are
also linear.
Proposition 2.3. The projection pi: TX → X defined by pi[α]F := F is smooth.
Proof. Let p˜ be a k-plaque of T X on (F, [α]), p˜(r) = [p(r, t)]t. Then (pi ◦ p˜)(r) = p(r, 0)
is a plaque on X . Therefore pi is differentiable. Assume p˜1, p˜2 ∈ P (T X). If p˜1 ≈ p˜2 then
p1(r, t) ∼
n+1 p2(r, t), then p1(r, 0) ∼
n p2(r, 0); therefore pi(p˜1) ∼ pi(p˜2). If X has a linear
structure then the linearity of Dpi is easily proved from the definitions; hence pi is smooth.
3. The de Rham cohomology
A vector field on X is a smooth section of the tangent bundle T 1X . The set of vector
fields is denoted Γ(X). Given a vector field ξ and f in C∞(X), define
ξ(f)F :=
d
dt
f(ξ(F )t)
∣∣∣∣
t=0
.
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Lemma 3.1. ξ(f) is smooth and therefore ξ is a derivation on C∞(X).
Proof. The function ξ(f) is well defined since f is smooth. Let p ∈ P (X), then ξ ◦ p is a
plaque on T 1X , that is, (ξ ◦ p)r = [p¯(r, t)]t. It follows that
ξ(f) ◦ p(r) = ξ(p(r))f =
d
dt
f ◦ p(r, t)
∣∣∣∣
t=0
.
This is a smooth function since f is differentiable, therefore ξ(f) is differentiable.
Assume p1 ∼
n
F p2, then since ξ is smooth we have that (ξ ◦ p1)r ≈ (ξ ◦ p2)r at ξ(F ).
Let p¯1, p¯2 be such that [p¯i(r, t)]t = (ξ ◦ pi)(r); then p¯1(r, t) ∼ p¯2(r, t) at F .
Then
Dn
d
dt
f(p¯1(r, t))
∣∣∣∣
t=0
= Dn
d
dt
f(p¯2(r, t))
∣∣∣∣
t=0
and so ξ(f)p1 ∼
n ξ(f)p2. If X is linear, the linearity of D
mξ(f) follows from the linearity
of Dmξ.
It is easy to prove that if X has a continuous linear structure, then Γ(X) is a C∞(X)-
module.
A local flow is a map φ:P (X) → P (X) such that (a) if p ∈ Pn(X) then φ(p) ∈
Pn+1(X); (b) φ(p)(r, 0) = p(r); and (c) if p1(r) = p2(s) then [φ(p1)(r, t)]t = [φ(p2)(s, t)]t.
Each local flow defines a unique vector field and each vector field defines a local flow φ.
Indeed, for each vector field ξ define φξ(p) := p¯ (since ξ is smooth) where ξ(p(r)) = [p¯(r, t)]t;
and conversely, given φ, define ξφ(F ) = [φ(p)(r0, t)]t where p is any plaque such that
p(r0) = F .
Let us assume that X has a continuous linear structure. Let ξ1, ξ2 ∈ Γ(X). Then
B(ξ1, ξ2), defined by
B(ξ1, ξ2)(f) := ξ1ξ2f − ξ2ξ1f,
is an element of Der(C∞(X)). Now, let M be a maximal subalgebra of Γ(X) with this
product. For each such subalgebra, define an n-form as a section ω of Λn(T (X)) such that
ω(ξ1, . . . , ξn)(F ) := ω(F )(ξ1(F ), . . . , ξn(F )) is smooth whenever ξi ∈M for all i = 1, . . . , n.
The set of these, denoted by Λn(X), is a C∞(X)-module and an associative algebra with
the operation:
ω ∧ η :=
(k + l)!
k!l!
Alt(ω ⊗ η).
An example of a subspace of Λn(X) is the set of forms ω expressible as
ω =
∑
I={i1,...,in}
hI dfi1 ∧ · · · ∧ dfin ,
where the fi are smooth and {hI} is a locally finite family of smooth functions.
Define dn: Λ
n(X)→ Λn+1(X) by
dnω(ξ1, . . . ,ξn+1) =
n+1∑
i=1
(−1)i+1ξi ω(ξ1, . . . , ξ̂i, . . . , ξn+1)
+
∑
i<j
(−1)i+jω(B(ξi, ξj), ξ1, . . . , ξ̂i, . . . , ξ̂j, . . . , ξn+1).
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It is clear that dn+1 ◦ dn = 0. This allows the definition of Zn(X,R) := ker(dn),
Bn(X,R) := im(dn−1) and
HndR(X,R) := Zn/Bn.
This is the n-th de Rham cohomology group of X .
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